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INJECTIVITY AND PROJECTIVITY IN p-MULTINORMED
SPACES
T. OIKHBERG
Abstract. We find large classes of injective and projective p-multinormed
spaces. In fact, these classes are universal, in the sense that every p-
multinormed space embeds into (is a quotient of) an injective (resp. pro-
jective) p-multinormed space. As a consequence, we show that any p-
multinormed space has a canonical representation as a subspace of a
quotient of a Banach lattice.
1. Introduction
The study of p-multinormed spaces has its roots in the early 1990s, see
[8], or the sadly unpublished thesis [9]. In recent years, significant progress
has been achieved. For instance, multinorms are employed in [4] to inves-
tigate homological properties of Banach modules over group algebras. In
[2], multinorms are used to describe properties of Banach spaces (such as
GL2) in terms of “special” embeddings into Banach lattices. Many common
constructions, known for Banach and operator spaces (subspaces, quotients,
duality, etc.) have been described in the p-multinormed case as well. We
refer the reader to the recent paper [3] for an introduction to the topic.
However, the injective and projective objects in this category have not been
described (with the exception of p = ∞). In this paper, we exhibit wide
classes of injective and projective p-multinormed spaces, and show that these
classes are universal: every p-multinormed space embeds into an injective
object, and is a quotient of a projective one. Note that similar results are
well known in the setting of Banach and operator spaces. Sections 3 and 4
deal with the injective and projective settings, respectively (see the relevant
definitions in Section 2).
The theory of p-multinormed spaces was partially motivated by giving an
abstract description of (subspaces of) Banach lattices. Indeed, a Banach
lattice X can be equipped with its natural p-multinorm (described below).
By [9], any ∞-multinormed space embeds into a Banach lattice. By [3], for
general p, the same is true with the extra assumption of p-convexity (and fails
without p-convexity). In Theorem 3.11, we show that any p-multinormed
space has a canonical representation as a subspace of a quotient of a Banach
lattice.
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We should also mention Theorem 2.1 which shows that, for every ε > 0 and
n ∈ N, there exists M =M(n, ε) so that, for any rank n operator T between
p-multinormed spaces, we have ‖T‖p ≤ (1 + ε)‖Iℓp
M
⊗ T‖. This contrasts
with the possible lack of exactness of operator spaces (see e.g. [7]).
The standard notation is used throughout the paper. We denote the closed
unit ball of a normed space Z by B(Z). In Section 2 below, we review
some relevant facts and definitions regarding multinormed spaces and maps
between them (see [3] for proofs and further information). Unless stated
otherwise, we deal with spaces over the real field.
2. Preliminaries on p-multinormed spaces
First review some relevant facts and definitions (see e.g. [3]). A p-multinormed
space (1 ≤ p ≤ ∞) is a Banach space X, together with a left tensorial cross-
norm ‖ · ‖α on ℓ
p ⊗X (when p = ∞, we consider c0 instead of ℓ
∞). Recall
that such a norm must satisfy the following conditions:
(1) For a ∈ ℓp and x ∈ X, ‖a⊗ x‖α = ‖a‖‖x‖;
(2) For u ∈ ℓp⊗X, ‖u‖α ≥ sup |〈a
∗⊗ x∗, u〉|, where the supremum runs
over all a∗ ∈ (ℓp)∗, x∗ ∈ X∗ of norm not exceeding 1;
(3) For T ∈ B(ℓp) and u ∈ ℓp ⊗X, ‖T‖‖u‖α ≥ ‖(T ⊗ IX)(u)‖α
(conditions (1) and (2) define a cross-norm; (3) describes being left tenso-
rial). We refer the reader to [5] or [14] for more information about tensor
products.
Viewing the spaces ℓpn as coordinate subspaces of ℓp (or c0, for p = ∞), we
denote the restriction of ‖ ·‖α to ℓ
p
n⊗X by ‖ ·‖n (or simply ‖ ·‖, if confusion
is unlikely). The sequence of norms (‖ · ‖n) is sometimes referred to as the
p-multinorm structure on X. The norms ‖ · ‖n are cross-norms, and, for any
T ∈ B(ℓpn, ℓ
p
m) and x ∈ ℓ
p
n⊗X, we have ‖T‖‖x‖n ≥ ‖(T ⊗ IX)(x)‖m (we can
say that (‖ · ‖n)n∈N is a “tensorial sequence of norms”). From any tensorial
sequence of cross-norms on ℓpn ⊗ X, we can reconstruct a norm on ℓp ⊗ X
(c0 ⊗X, for p =∞) satisfying (1), (2), and (3). This observation allows us
to only consider the spaces (ℓpn ⊗X, ‖ · ‖n).
If X and Y are p-multinormed spaces, then a linear map u : X → Y is
p-multibounded if its p-norm
‖u‖p = sup
n
‖Iℓpn ⊗ u : ℓ
p
n ⊗X → ℓ
p
n ⊗ Y ‖ = ‖Iℓp ⊗ u : ℓ
p ⊗X → ℓp ⊗ Y ‖
is finite (as before, for p =∞ we replace ℓ∞ by c0). We denote byMp(X,Y )
the set of p-multibounded operators from X to Y . Clearly every u ∈
Mp(X,Y ) is bounded, with ‖u‖ ≤ ‖u‖p. The equality holds when either
X or Y is 1-dimensional. In general, a bounded operator need not be p-
multibounded. An operator u is called a p-multicontraction if ‖u‖p ≤ 1.
Duality pairing exists between p-multinormed and p′-multinormed spaces
(here and throughout the paper, p and p′ are “conjugate:” 1/p+ 1/p′ = 1).
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Suppose X is a p-multinormed space, with underlying Banach space X ′
(usually, we use the same notation for the p-multinormed space and for
its Banach space, but in this paragraph, we find it convenient to use the
“forgetful functor” ′). For n ∈ N denote by (δi)
n
i=1 and (δ
′
i)
n
i=1 the canonical
bases of ℓpn and ℓ
p′
n , respectively. For x∗1, . . . , x
∗
n ∈ X
′∗ we set
∥∥ n∑
i=1
δ′i ⊗ x
∗
i
∥∥ = sup{∣∣
n∑
i=1
〈x∗i , xi〉
∣∣ : ∥∥
n∑
i=1
δ′i ⊗ xi
∥∥ ≤ 1}.
In other words, ℓp
′
n ⊗ X∗ is the dual of ℓ
p
n ⊗ X. Clearly this defines a p′-
multinormed space X∗, “built on” X ′∗.
Several standard p-multinorm structures will be used in this paper. Suppose
E is a Banach space. The maximal and minimal p-multinorms correspond
to ℓpn⊗ˆE and ℓ
p
n⊗ˇE, where ⊗ˆ and ⊗ˇ refer to the Banach space projective
and injective tensor products. These structures will be denoted by maxp(E)
and minp(E) respectively. The origin of this terminology is transparent:
if Z is a p-multinormed space, then for any u ∈ B(Z,minp(E)) and v ∈
B(maxp(E), Z), we have ‖u‖p = ‖u‖ and ‖v‖p = ‖v‖. Duality functions in
the expected way: for any Banach space E, (minp(E))
∗ = maxp′(E
∗), and
(maxp(E))
∗ = minp′(E
∗).
On a Banach lattice E, we can define its natural p-multinorm: if δ1, . . . , δn
is the canonical basis of ℓpn, and x1, . . . , xn ∈ E, we set
∥∥∑
i
δi ⊗ xi
∥∥
ℓpn⊗E
=
∥∥∥(∑
i
|xi|
p
)1/p∥∥∥
E
(the right hand side is defined using the Krivine functional calculus, see
e.g. [10]). One can observe (see [8, p. 21]) that, if E,F are Banach lattices,
and u : E → F is a positive operator, then ‖u‖p = ‖u‖.
For p-multinormed spaces (Xi)i∈I , we can define their ℓ
∞, c0, and ℓ
1 sums.
To this end, denote by (X ′i)i∈I the underlying Banach spaces (once more, we
formally distinguish between p-multinormed spaces, and the corresponding
Banach spaces).
If Y = (
∑
iX
′
i)∞, then any element of ℓ
p
n⊗Y can be written as (x1, x2, . . .),
with xi ∈ ℓ
p
n ⊗ X ′i. Then set ‖x‖n = supi ‖xi‖ℓpn⊗Xi . Clearly this defines
a p-multinormed space (the ℓ∞ sum, denoted by (
∑
iXi)∞), with Y its
underlying Banach space. The c0 sum, denoted by (
∑
iX
′
i)0, is defined in a
similar fashion.
To define the ℓ1 sum, consider a family xi ∈ ℓ
p
n ⊗Xi (i ∈ I), with finitely
many nonzero entries. For x = (xi)i∈I ∈ ℓ
p
n ⊗ (
∑
iX
′
i)00, set ‖x‖ =
∑
i ‖xi‖.
The completion of ℓpn⊗(
∑
iX
′
i)00 in this norm is denoted by (
∑
iXi)1; clearly
the underlying Banach space is (
∑
iX
′
i)1.
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It is easy to see that, for Banach spaces (Ei)i∈I ,
minp
((∑
i
Ei
)
∞
)
=
(∑
i
minp
(
Ei
))
∞
,
minp
((∑
i
Ei
)
0
)
=
(∑
i
minp
(
Ei
))
0
,
and
maxp
((∑
i
Ei
)
1
)
=
(∑
i
maxp
(
Ei
))
1
.
Further, for any family of p-multinormed spaces (Xi)i∈I ,((∑
i
Xi
)
1
)∗
=
(∑
i
X∗i
)
∞
and
((∑
i
Xi
)
0
)∗
=
(∑
i
X∗i
)
1
.
We say that a p-multinormed space is c-injective if, for any p-multinormed
spaces X ⊂ Y , any p-multibounded operator u : X → Z has an extension
u˜ : Y → Z with ‖u˜‖p ≤ c‖u‖p, and u˜|X = u. In the dual setting, Z is
called p-projective if, for every ε > 0, every p-quotient map q : Y → X, and
every p-multibounded u : Z → X, there exists a lifting u˜ : Z → Y , so that
‖u˜‖p ≤ ‖u‖p + ε, and qu˜ = u.
Similar notions of injectivity and projectivity for Banach and operator spaces
are well known. For instance, ℓ∞(I) (ℓ1(I)) is a 1-injective (resp. 1-projective)
Banach space, for any index set I. The famous Stinespring Extension The-
orem asserts that B(H) is a 1-injective operator space for any Hilbert space
H. It is shown in [1] that
(∑
i T (Hi)
)
1
is 1-projective if (Hi)i∈I is a family
of finite dimensional Hilbert spaces (T (H) denotes the trace class on H). It
follows that any Banach (operator) space embeds into an injective object of
the appropriate category, and is a quotient of a projective object. The main
goal of this paper is to establish similar results for p-multinormed spaces.
To proceeds, we need to show that, for for finite rank operators, we may
limit the calculate the p-multinorm on tensor products with ℓpn with limited
n (one can view this as an analogue of exactness for operator spaces).
Theorem 2.1. Suppose X,Y are p-multinormed spaces, and T : X → Y is
a rank n operator. Fix ε ∈ (0, 1), and let M = 2n⌈4n3/ε⌉n. Then ‖T‖p ≤
(1 + ε)‖Iℓp
M
⊗ T‖.
The following result is based on [13].
Lemma 2.2. Suppose Z is an n-dimensional subspace of Lp(µ), 1 ≤ p ≤ ∞.
Fix ε ∈ (0, 1), and let M0 =M0(n, ε) := 2
n⌈2n2/ε⌉n.
(1) Lp(µ) contains a sublattice E, spanned by characteristic functions of
disjoint sets, of dimension M ≤ M0, so that, for every z ∈ B(Z)
there exists y ∈ E, with ‖z − y‖ ≤ ε.
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(2) Moreover, E is lattice isometric to ℓpM , and there exists a positive
contractive projection P from Lp(µ) onto E. This projection has the
property that, for every z ∈ Z, ‖Pz − z‖ ≤ 2ε.
Proof. We present the proof for 1 ≤ p < ∞. The case of p = ∞ requires
only minor adjustments.
(1) Let z1, . . . , zn be a normalized Auerbach basis in Z. Set z =
∑
i |zi|, and
z0 = z/‖z‖ (note that ‖z‖ ≤ n). Consider the probability measure ν = z
p
0µ,
concentrated on S = {s ∈ Ω : z(s) 6= 0}. The map J : Lp(µ) → Lp(ν),
defined by setting
[Jf ](s) =
{
f(s)/z0(s) s ∈ S
0 s /∈ S
is a lattice homomorphism, and moreover, ‖Jf‖Lp(ν) = ‖f1S‖Lp(µ). Hence-
forth, we will work with the space U = JZ, instead of Z. Note that the
vectors ui = Jzi form a normalized Auerbach basis in U . Moreover, above
‖z‖ ≤ n, hence maxi ‖ui‖∞ ≤ n.
Set k = ⌈2n2/ε⌉, Aj = [−n + 2n(j − 1)/k,−n + 2nj/k) for 1 ≤ j ≤ k − 1,
and Ak = [n− 2n/k, n]. For 1 ≤ i ≤ n, set Bij = u
−1
i (Aj), and define
vi =
k∑
j=1
n
(
− 1 +
2j − 1
k
)
1Bij .
Then
‖ui − vi‖p ≤ ‖ui − vi‖∞ ≤
n
k
≤
ε
2n
.
Moreover, any norm one u ∈ U can be expressed as u =
∑
i αiui, with
max |αi| ≤ 1, and therefore,
‖u−
∑
i
αivi‖p ≤ ‖u−
∑
i
αivi‖∞ ≤
∑
i
|αi|‖ui − vi‖∞ ≤ n
ε
2n
=
ε
2
.
Let S be the algebra of sets generated by the sets Bij (1 ≤ i ≤ n, 1 ≤ j ≤ k).
As Biα ∩Biβ = ∅ whenever α 6= β, the atoms of S are of the form ∩
n
i=1B
εi
iji
,
with 1 ≤ ji ≤ k, and B
εi
iji
being either Biji , or its complement. Consequently,
M = |S| ≤ M0 = (2k)
n. Clearly the functions vi are constant on atoms of
S.
(2) Let µ′ be the restriction of µ to the set S. Then J is a surjective isometry
from Lp(µ′) onto Lp(ν). Let Q be the conditional expectation onto the
sublattice F , spanned by characteristic functions S1, . . . , SM . Finally, let R
be the restriction map from Lp(µ) to Lp(µ′) (f 7→ f1S). Then P = J
−1QJR
is a contractive projective onto E = J−1(F ).
Now consider z ∈ B(Z). Then there exists y ∈ E so that ‖z − y‖ ≤ ε. By
the triangle inequality,
‖z − Pz‖ = ‖(I − P )(z − y)‖ ≤ 2‖z − y‖ ≤ 2ε,
which is what we need. 
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Lemma 2.3. Suppose Z is a K-dimensional sublattice of ℓpN , and P a
positive contractive projection from ℓpN onto Z. Then, for any operator
u : X → Y between p-multinormed spaces, we have
‖IZ ⊗ u : Z ⊗X → Z ⊗ Y ‖ = ‖Iℓp
K
⊗ u‖.
Here we equip Z ⊗ X and Z ⊗ Y with the norm inherited from ℓpN ⊗ X,
respectively ℓpN ⊗ Y .
Proof. Let V be the “canonical” isometry from Z onto ℓpK (mapping atoms
to atoms). We have to show that, for any p-multinormed space E, v⊗ IE is
an isometry from Z ⊗ E (equipped with the norm inherited from ℓpm ⊗ E)
to ℓpK ⊗ E. First, v
−1 : ℓpK → Z ⊂ ℓ
p
M is a positive isometry, hence, by [8,
p. 21], ‖v−1 ⊗ IE‖ = ‖v
−1‖. On the other hand,
‖v ⊗ IE‖ ≤ ‖vP ⊗ IE : ℓ
p
N ⊗ E → ℓ
p
K ⊗ E‖ = ‖vP‖ ≤ 1. 
Proof of Theorem 2.1. Suppose first that dimX = n. For simplicity, assume
‖Iℓp
M
⊗ T‖ ≤ 1 (then, in particular, ‖T‖ ≤ 1). Suppose x is a norm one
element of ℓpN ⊗X, and show that ‖(IℓpN ⊗ T )x‖ ≤ 1 + ε.
Let (xi)
n
i=1 be a normalized Auerbach basis inX, and write x =
∑n
i=1 ai⊗xi,
with ai ∈ ℓ
p
N . By the properties of the Auerbach basis, for every i there exists
a contractive projection Pi from X onto span[xi], hence
‖ai‖ = ‖ai ⊗ xi‖ = ‖(Iℓp
N
⊗ Pi)x‖ ≤ ‖x‖ = 1.
Find a sublattice Z ⊂ ℓpN , of dimension K ≤ M , with the properties as in
Lemma 2.2, so that, for any i, there exists a˜i ∈ Z with ‖ai − a˜i‖ ≤ ε/2n.
Let x˜ =
∑n
i=1 a˜i ⊗ xi. By the triangle inequality,
(2.1) ‖(Iℓp
N
⊗ T )x‖ ≤ ‖(Iℓp
N
⊗ T )x˜‖+
n∑
i=1
‖ai − a˜i‖‖Txi‖.
However, ‖Txi‖ ≤ ‖T‖‖xi‖ ≤ 1, hence ‖x˜‖ ≤ ‖x‖+
∑
i ‖ai − a˜i‖ ≤ 1 + ε/2.
By Lemma 2.3, ‖(Iℓp
N
⊗T )x˜‖ = ‖(IZ⊗T )x˜‖ = ‖(Iℓp
K
⊗T )x˜‖ ≤ ‖x˜‖. Plugging
all this back into (2.1), we obtain:
‖(Iℓp
N
⊗ T )x‖ ≤ 1 +
ε
2
+ n
ε
2n
= 1 + ε.
In the general case, let X˜ = T/ ker T . Use [3, Section 1.3] to write (in the
canonical way) T = T˜ q, with T˜ : X˜ → Y , and q : X → X˜ being the quotient
map. Now apply the preceding reasoning to T˜ . 
3. Injectivity in p-multinormed spaces
First we describe “building blocks” of 1-injective objects.
Proposition 3.1. For 1 ≤ p ≤ ∞ and n ∈ N, maxp(ℓ
p′
n ) is 1-injective as a
p-multinormed space.
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Show first that we can restrict our attention to finite dimensional spaces.
Lemma 3.2. Suppose Z is a finite dimensional p-multinormed space such
that, for any finite dimensional E ⊂ F , and any u ∈ B(E,Z), there exists
an extension u˜ : F → Z with ‖u˜‖p ≤ λ‖u‖p. Then Z is λ-injective.
Proof. Suppose X ⊂ Y are p-multinormed spaces, and u : X → Z satisfies
‖u‖p ≤ 1. We have to show that u has an extension u˜ : Y → Z with
‖u˜‖p ≤ λ.
Note first that X can be assumed to be finite dimensional. Indeed, suppose
the existence of an extension has been established for finite dimensional X’s.
For an arbitrary X, let X0 = X/ ker u and Y0 = Y/ ker u, and denote by q
the corresponding quotient map Y → Y0 (then q is also the quotient map
from X to X0). Furthermore, u generates a p-multicontraction u0 : X0 → Z,
with u = u0q. In turn, u0 has an extension u˜0 : Y0 → Z, with ‖u˜0‖p ≤ λ.
Now set u˜ = u˜0q.
So, we can assume X is finite dimensional. In Y , consider the net of finite
dimensional subspaces F , containing X, and ordered by inclusion. Fix a
p-multicontraction u : X → Z. For each F as above, u has an extension
u˜F : F → X with ‖u˜F ‖p ≤ λ. As Z is finite dimensional, one can use a
compactness argument to achieve an extension u˜ : Y → Z. 
We need a technique for calculating p-multinorms of maps u : E → maxp(ℓ
p′
n ).
Below, we shall identify e ∈ ℓpm⊗E with an operator op(e) ∈ B(ℓ
p′
m, E). Ex-
plicitly, if (δi)
n
i=1 and (δ
′
i)
n
i=1 are the canonical bases in ℓ
p
n and ℓ
p′
n respectively,
and e =
∑n
i=1 δi ⊗ ei, then op(e) takes δ
′
i to ei.
Lemma 3.3. Suppose E is a p-multinormed space. In the above notation,
∥∥u : E → maxp(ℓp′n )∥∥p = sup
{∣∣tr(u ◦ op(x))∣∣ : x ∈ B(ℓpn ⊗ E)
}
.
holds for any u : E → maxp(ℓ
p′
n ). Consequently, ‖u‖p = ‖Iℓpn ⊗ u‖.
Proof. By definition,
(3.1) ‖u‖p = sup
e∈B(ℓpm⊗E)
∥∥(Iℓpm ⊗ u)e
∥∥
ℓpm⊗ˆℓ
p′
n
= sup
e∈B(ℓpm⊗E)
ν1
(
u ◦ op(e)
)
,
where ν1(·) refers to the nuclear norm of an operator. As ν1(w) ≥ |tr(w)|
for every operator w on a finite dimensional space,
∥∥u : E → maxp(ℓp′n )∥∥p ≥ sup
{∣∣tr(u ◦ op(e))∣∣ : ∥∥e∥∥
ℓpn⊗E
≤ 1
}
.
It remains to prove the converse. By the trace duality between ν1(·) and
‖ · ‖,
ν1
(
u ◦ op(e)
)
= sup
{∣∣tr(w ◦ u ◦ op(e))∣∣} = sup{∣∣tr(u ◦ op(e) ◦ w)∣∣},
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where the supremum runs over all contractions w : ℓp
′
n → ℓ
p′
m. We can view
op(e) ◦ w as op(e˜) ∈ B(ℓp
′
n , E), where e˜ = (w∗ ⊗ IE)e. Then∥∥e˜∥∥
ℓpn⊗E
≤ ‖w∗‖‖e‖ℓpm⊗E ≤ 1,
and therefore,∥∥u : E → maxp(ℓp′n )∥∥p ≤ sup
{∣∣tr(u ◦ op(e))∣∣ : ∥∥e∥∥
ℓpm⊗E
≤ 1
}
.
The preceding reasoning implies that, in (3.1), we can take the supremum
over all e ∈ B(ℓpm ⊗ E). This yields the last claim of the lemma. 
Proof of Proposition 3.1. By Lemma 3.2, it suffices to show that, for any
pair of finite dimensional p-multinormed spaces X ⊂ Y , and any p-multi-
contraction u : X → maxp(ℓ
p′
n ), there exists a p-multicontractive extension
u˜ : Y → maxp(ℓ
p′
n ).
By Lemma 3.3, we can identifyMp(X,maxp(ℓ
p′
n )) andMp(Y,maxp(ℓ
p′
n )) with
the duals of ℓpn ⊗X and ℓ
p
n ⊗ Y , respectively. The former is a subspace of
the latter, with the isometric embedding implemented by Iℓpn ⊗ j (j being
the formal identity from X to Y ). Dualizing, we see that
I
ℓp
′
n
⊗ j∗ : ℓp
′
n ⊗ Y
∗ → ℓp
′
n ⊗X
∗
is a quotient map. Identifying the spaces above with Mp(Y,maxp(ℓ
p′
n )) and
Mp(X,maxp(ℓ
p′
n )) respectively, we conclude that the operator
Mp(Y,maxp(ℓ
p′
n ))→Mp(X,maxp(ℓ
p′
n )) : v 7→ vj
is a quotient map. In other words, for any u ∈ Mp(X,maxp(ℓ
p′
n )), and
any ε > 0, there exists u˜ ∈ Mp(Y,maxp(ℓ
p′
n )), extending u, and satisfying
‖u˜‖p ≤ (1 + ε)‖u‖p. As we are working with finite dimensional spaces, the
above result holds with ε = 0 as well. 
Corollary 3.4. If (Ω, µ) is a σ-finite measure space, then maxp(L
p′(µ)) is
1-injective as a p-multinormed space.
Remark 3.5. For p =∞ this result is contained in [9].
Proof. Consider the family I of all finite subalgebras of Ω, ordered by inclu-
sion (if µ is a finite measure, we may additionally assume that they contain
Ω). For i ∈ I let Zi be the subspace of L
p′(µ) generated by this algebra.
Clearly Zi is isometric to ℓ
p′
Ni
, and moreover, is the range of a conditional ex-
pectation Qi (Qi is positive, hence, due to e.g. [8, p. 21] p-multicontractive).
Further, denote by Ji the embedding of Zi into L
p′(µ). Note that, for any
z ∈ Lp
′
(µ), limi ‖JiQiz − z‖ = 0.
SupposeX is a subspace of a p-multinormed space Y . For a p-multicontraction
u : X → Lp
′
(µ), we have to find a p-multicontraction u˜ : Y → Lp
′
(µ) ex-
tending it. For i ∈ I, set ui = Qiu : X → Zi. By the above, ui → u in the
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point-norm topology. By Proposition 3.1, ui has a p-multicontractive exten-
sion u˜i : Y → Zi. Then the net (JJiu˜i)i∈I (J is the canonical embedding
of Lp
′
(µ) into Lp
′
(µ)∗∗) clearly belongs to the unit ball of B(Y,Lp
′
(µ)∗∗) =
(Y ⊗ˆLp
′
(µ)∗)∗ (see e.g. [6, Section VIII.2]), hence it has a weak∗ cluster
point v ∈ B(B(Y,Lp
′
(µ)∗∗)).
Now recall that there exists a positive (and therefore, p-multicontractive)
projection Q from Lp
′
(µ)∗∗ onto Lp
′
(µ). Indeed, for 1 < p <∞ the identity
map will do. For p = 1, note that L1(µ)∗∗ is an abstract L-space. By
[10, Section 2.4], L1(µ) and its second dual are KB-spaces (hence order
continuous). By [10, Theorem 2.4.10], L1(µ) is a band in its second dual.
The existence of Q now follows from [10, Corollary 2.4.4]. To handle the
case of p =∞, dualize.
We claim that u˜ = Qv has the desired properties – that is, (i) u˜|X = u, and
(ii) ‖u˜‖p ≤ 1.
For (i), pick x ∈ X. For any z∗ ∈ Lp
′
(µ)∗, 〈x⊗ z∗, v〉 = 〈z∗, vx〉 is a cluster
point of the net 〈x⊗z∗, ui〉 = 〈z
∗, uix〉. In other words, vx is a weak
∗ cluster
point of the net (uix)i∈I . However, uix→ ux in norm, hence vx = ux.
For (ii), pick y =
∑m
j=1 δj ⊗ yj ∈ B(ℓ
p
n ⊗ Y ). For any i ∈ I, (Iℓpn ⊗ u˜i)y =∑m
j=1 δj⊗u˜iyj lies in the unit ball of ℓ
p
n⊗ˆLp
′
(µ). By duality, this is equivalent
to the following: if
∑n
j=1 δ
′
j ⊗ z
∗
j lies in the unit ball of ℓ
p′
n ⊗ˇLp(µ), then
|
∑
j〈z
∗
j , uiyj〉| ≤ 1. As v is a weak
∗ cluster point of the net (ui),
∑
j〈z
∗
j , vyj〉
must be a cluster point of the net (
∑
j〈z
∗
j , uiyj〉)i. Thus, ‖v‖p ≤ 1. 
We immediately obtain:
Theorem 3.6. Suppose (Ωi, µi)i∈I is a collection of measure spaces. Then
(
∑
i∈I maxp(L
p′(µi)))∞ is 1-injective.
Next we show that any p-multinormed space embeds into a 1-injective p-
multinormed space.
Theorem 3.7. Suppose X is a p-multinormed space. Then there exists
a family of integers (ni)i∈I , so that X embeds p-multiisometrically into
(
∑
i∈I maxp(ℓ
p′
ni))∞. If, moreover, X is a dual p-multinormed space, then
the embedding can be made weak∗ to weak∗ continuous.
Remark 3.8. In [9], the first statement of this proposition is proved for
p =∞ (using different methods).
Proof. First show that, for any norm one x ∈ ℓpn ⊗ X, there exists a p-
multicontraction u : X → maxp(ℓ
p′
n ) so that∥∥(Iℓpn ⊗ u)(x)
∥∥
ℓpn⊗ˆℓ
p′
n
= 1.
Note that B(ℓpn ⊗ X) is a convex balanced subset of ℓ
p
n ⊗ X. By Hahn-
Banach Theorem, there exists a linear functional x∗ ∈ (ℓpn ⊗ X)∗ so that
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(i) 〈x∗, x〉 = 1, and (ii) |〈x∗, y〉| ≤ 1 for any y ∈ B(ℓpn ⊗ X). Define
op(x∗),op(y) : X → ℓp
′
n as in the paragraph preceding Lemma 3.3. By
the above, tr
(
op(x∗)op(x)
)
= 1, and
∣∣tr(op(x∗)op(y))∣∣ ≤ 1 for any y ∈
B(ℓpn ⊗ X) (here op(x),op(y) are viewed as taking ℓ
p′
n to X). By Lemma
3.3,
‖u‖p = max
{∣∣tr(op(x∗)op(y))∣∣ : y ∈ B(ℓpn ⊗X)} = 1.
On the other hand (see Lemma 3.3 again),∥∥(Iℓpn ⊗ u)x
∥∥ = ν1(u ◦ op(x)) ≥ ∣∣tr(u ◦ op(x))∣∣,
hence u has the desired properties.
Now supposeX is the dual of some p′-multinormed space X∗. Fix x ∈ ℓ
p
n⊗X
and ε > 0. There exists x∗ ∈ B(ℓ
p′
n ⊗ X∗) so that |〈x, x∗〉| ≥ (1 − ε)‖x‖.
Reasoning as before, we conclude that x∗ determines a weak
∗ continuous p-
multicontraction u : X → maxp(ℓ
p′
n ), with ‖(Iℓpn⊗u)x‖ ≥ (1−ε)‖x‖. Taking
a direct sum, we obtain the desired embedding. 
The preceding theorem has a “finite dimensional” version.
Proposition 3.9. For every ε > 0 and n ∈ N there exists N = N(n, ε) ∈ N
so that for any n-dimensional p-multinormed space E there exists E′ ⊂
ℓ∞N (maxp(ℓ
p′
N )) and a p-multicontraction U : E → E
′ with ‖U−1‖p < 1 + ε.
The following lemma is folklore, and can be proved by comparing volumes
(see e.g. [11]).
Lemma 3.10. If Z is a finite dimensional normed space, and δ > 0, then
B(Z) contains a δ-net of cardinality not exceeding (δ−1 + 1)dimZ .
Proof of Proposition 3.9. Without loss of generality, ε ∈ (0, 1). Let M =
2n⌈12n3/ε⌉n. Let δ ∈ ε/(2 + ε). By Lemma 3.10, we can find a δ-net E
in B(ℓpM ⊗ E), with |E| ≤ (δ
−1 + 1)Mn. By the proof of Theorem 3.7, for
every e ∈ E there exists a p-multicontraction ue : E → maxp(ℓ
p′
M ) so that
‖(Iℓp
M
⊗ ue)e‖ = ‖e‖. Consider
U = ⊕e∈Eue : E → ℓ
∞
|E|(maxp(ℓ
p′
M )) and E
′ = U(E).
Clearly U is a complete contraction. It suffices to show that ‖U−1‖p <
1 + ε. We have rankU−1 = n, hence, by Theorem 2.1, ‖U−1‖p ≤ (1 +
ε/3)‖Iℓp
M
⊗ U−1‖. As 1 + ε > (1 + ε/2)(1 + ε/3), it suffices to show that
‖Iℓp
M
⊗U−1‖ ≤ 1+ε/2 – or in other words, that, if x ∈ ℓpM⊗E with ‖x‖ = 1,
then ‖(Iℓp
M
⊗ U)x‖ ≥ (1 + ε/2)−1. Find e ∈ E so that ‖x− e‖ ≤ δ. Then
‖(Iℓp
M
⊗ U)x‖ ≥ ‖(Iℓp
M
⊗ U)e‖ − ‖U‖p‖e− x‖ ≥ 1− δ =
1
1 + ε/2
. 
Theorem 3.7 implies a “subquotient representation” result. We equip the
Banach lattice X = ℓ∞(I, ℓ1) with its canonical p-multinorm.
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Theorem 3.11. For any p-multinormed space X there exists an index set
I so that X is p-multiisometric to a subspace of a quotient of the Banach
lattice ℓ∞(I, ℓ1).
Proof. Note first that the canonical lattice p-multinorm on ℓ1 coincides with
the maximal p-multinorm. Indeed, denote by (δi)
n
i=1 and (ej)
∞
j=1 the canon-
ical bases in ℓpn and ℓ1, respectively. A generic element of ℓ
p
n ⊗ ℓ1 can be
written as x =
∑n
i=1 δi⊗xi =
∑
j aj⊗ej, with xi = (tij)j∈N and aj = (tij)
n
i=1.
Then∥∥x∥∥
ℓpn⊗ˆℓ1
=
∥∥x∥∥
ℓ1(ℓpn)
=
∑
j
‖aj‖ =
∑
j
(∑
i
|tij |
p
)1/p
=
∥∥(∑
i
|xi|
p
)1/p∥∥
ℓ1
.
The left and right hand sides represent the maximal p-multinorm of x, and
the canonical lattice p-multinorm of x, respectively.
Now recall that, for any i ∈ I, we can find a quotient map qi : ℓ
1 → ℓp
′
ni .
By the “projectivity” of the projective tensor product, qi : maxp(ℓ
1) →
maxp(ℓ
p′
ni) is a p-quotient.
By the first paragraph of the proof, the canonical p-multinorm structure of
the Banach lattice ℓ∞(I, ℓ1) coincides with that of ℓ∞(I,maxp(ℓ
1)). More
precisely, for xi ∈ ℓ
p
n ⊗ ℓ1 (i ∈ I), we have∥∥(xi)i∈I∥∥ℓpn⊗ℓ∞(I,ℓ1) = supi∈I ‖xi‖ℓpn⊗maxp(ℓ1).
Furthermore,
⊕i∈Iqi : ℓ
∞(I, ℓ1)→
(∑
i∈I
maxp(ℓ
p′
ni)
)
∞
is a p-quotient map. 
Moving to the local theory of p-multinormed spaces, we prove:
Corollary 3.12. Suppose E is an n-dimensional subspace of an infinite
dimensional p-multinormed space X. Fix ε > 0, and let N = N(n, ε) be as
in Proposition 3.9. Then there exists an N2-codimensional subspace Y ⊂
X, containing E, so that there exists a projection P from Y onto E, with
‖P‖p < 1 + ε.
Proof. By Proposition 3.9, there exists a surjective p-multicontraction u :
E → E′ ⊂ ℓ∞N (maxp(ℓ
p′
N )) so that ‖u
−1‖p < 1 + ε. By Theorem 3.6, u has a
p-multicontractive extension u˜ : E → ℓ∞N (maxp(ℓ
p′
N )). Let Y = u˜
−1(E′) (the
preimage of E′). Then dimX/Y = dim ℓ∞N (maxp(ℓ
p′
N ))/E
′ < N2. Further,
P = u−1u˜|Y is a projection from Y onto E, and ‖P‖p ≤ ‖u
−1‖p‖u˜‖p <
1 + ε. 
Taking a clue from the theory of Banach (or operator) spaces, we say
that a sequence of non-zero linearly independent elements of (xi)
∞
i=1 a p-
multinormed space X is a p-basic sequence if supn ‖Pn‖p < ∞. Here Pn is
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the n-th basic projection: for any finite family (αi), we set Pn(
∑
i αixi) =∑
i≤n αixi. Via a standard argument, Corollary 3.12 implies:
Corollary 3.13. Suppose X is an infinite dimensional p-multinormed space,
and (εi)
∞
i=1 is a sequence of positive numbers. Then X contains a sequence
of norm one linearly independent vectors (xi)
∞
i=1 with the property that, for
every n, we have ‖Pn‖p ≤ 1 + εn, where Pn is defined as above.
The corresponding Banach space result is well known. However, there exist
operator spaces without a complete basic sequence [12].
4. Projectivity
Proposition 4.1. For 1 ≤ p ≤ ∞, minp(ℓ
p′
n ) is 1-projective as a p-multi-
normed space.
The following auxiliary result may be of independent interest.
Lemma 4.2. For n ∈ N and ε > 0, there exists M = M(n, ε) ∈ N with
the following property. Suppose Y is a subspace of a p-multinormed space
X, and q : X → X/Y is the corresponding quotient map. If E is an n-
dimensional subspace of X/Y , then there exists a subspace F ⊂ X with
dimF ≤M so that, for any m and any e ∈ ℓpm⊗E, there exists x ∈ ℓ
p
m⊗F
so that ‖x‖ ≤ (1 + ε)‖e‖, and (Iℓpm ⊗ q)x = z.
Poof of Lemma 4.2. Without loss of generality, 0 < ε < 1/2. Set n = dimE,
and L = L(n, ε) = 2n⌈16n3/ε⌉n. Find a ε/6-net E in the unit ball of ℓpL⊗E,
with |E| ≤ (1+6/ε)nL. For each e ∈ E find a lifting z(e) =
∑L
j=1 δj⊗xj(e) ∈
ℓpL⊗X, with ‖z(e)‖ ≤ (1+ε/9)‖e‖ (here (δj)
L
j=1 denotes the canonical basis
of ℓpL). Then the dimension of F = span[xj(e) : e ∈ E , 1 ≤ j ≤ L] doesn’t
exceed M(n, ε) = L(1 + 6/ε)nL. We have to show that any e ∈ B(ℓpm ⊗ E)
lifts to x ∈ ℓpm ⊗ F with ‖x‖ ≤ 1 + ε.
A “telescoping sum” argument show that any e ∈ B(ℓpM ⊗ E) possesses a
lifting x ∈ ℓpM ⊗ F with ‖x‖ ≤ 1 + ε/3. Indeed, inductively we can find a
sequence e0, e1, . . . ∈ E so that, for any k,∥∥∥e− e0 − ε
6
e1 − . . .−
(ε
6
)k−1
ek−1
∥∥∥ ≤ (ε
6
)k
.
Then e lifts to
∑∞
k=0(ε/6)
kz(ek), which belongs to ℓ
p
M ⊗ F , and has norm
not exceeding (1 + ε/9)(1 − ε/6)−1 ≤ 1 = ε/3.
Now fixm ∈ N, and consider e ∈ B(ℓpm⊗E). Denote by (uk)
n
k=1 a normalized
Auerbach basis in E. Write x =
∑n
k=1 ak ⊗ uk, where ‖ak‖ ≤ ‖x‖ ≤ 1. Use
Lemma 2.2 to find a sublattice Z ⊂ ℓpm, with the following properties:
(1) K = dimZ ≤ L, where L is defined above.
(2) Z is spanned by disjoint elements of ℓpm, hence it is isometric to ℓ
p
K .
Moreover, Z is the range of a conditional expectation P .
INJECTIVITY AND PROJECTIVITY IN p-MULTINORMED SPACES 13
(3) For every e ∈ span[a1, . . . , an], ‖e− Pe‖ ≤ ε/(4n).
Let e1 =
∑
k Pak⊗uk = (P ⊗IE)e. As P is positive and contractive, ‖e1‖ ≤
‖e‖ ≤ 1. Identifying Z ⊗E with ℓpK ⊗E (as in the proof of Lemma 2.3), we
conclude that e1 has a lifting x1 ∈ Z ⊗ F ⊂ ℓ
p
m ⊗ F , with ‖x1‖ ≤ 1 + ε/3.
Now set e2 =
∑
k(ak − Pak) ⊗ uk. Viewing uk as an element of ℓ
p
1 ⊗ E ⊂
ℓpM ⊗ E, we conclude that uk has a lifting u˜k ∈ F , with ‖u˜k‖ ≤ 1 + ε/3.
Then e2 lifts to x2 =
∑
k(ak − Pak)⊗ u˜k, with norm
‖x2‖ ≤
∑
k
‖ak − Pak‖‖u˜k‖ ≤ n
ε
4n
(
1 +
ε
3
)
<
ε
2
.
Thus e lifts to x = x1 + x2, of norm not exceeding ‖x1‖+ ‖x2‖ < 1 + ε. 
Proof of Proposition 4.1. We have to show that, for any pair of p-multinor-
med spaces Y ⊂ X, any ε > 0, and any u ∈ B(ℓpn,X/Y ), there exists a
lifting u˜ : ℓpn → X with ‖u˜‖p ≤ (1 + ε)‖u‖p. In the case when X is finite
dimensional, the existence of such a lifting (with ‖u˜‖p = ‖u‖p) follows by
duality from Proposition 3.1.
If X is infinite dimensional, denote the range of u by E. Let q : X → X/Y
be the quotient map. Fix ε > 0. By Lemma 4.2, we can find a finite
dimensional F so that, for every e ∈ ℓpn ⊗ E, there exists f ∈ ℓ
p
n ⊗ F with
(Iℓpn ⊗ q)f = e, and ‖f‖ ≤ (1+ ε)‖e‖. Denote the restriction of q to F by v.
Then v∗ : E∗ → F ∗ is a contraction. Set v∗(E∗) = G ⊂ F ∗, then v∗−1 :
G→ E∗ has p′-multinorm not exceeding 1 + ε. The operator u∗v∗−1 : G→
maxp′(ℓ
p
n) extends to w : F ∗ → maxp′(ℓ
p
n), with ‖w‖p′ ≤ ‖u
∗‖p′‖v
∗−1‖p′ ≤
1 + ε. Then u˜ = w∗ has the desired properties. 
Corollary 4.3. If (ni)i∈I is a family of integers, then (
∑
i∈I minp(ℓ
p′
ni))1 is
1-projective as a p-multinormed space.
Next we consider liftings to the second dual. For a p-multinormed space Z
(just as in the Banach space case) we have a p-multiisometric embedding
κZ : Z → Z
∗∗ (see e.g. [3]).
Proposition 4.4. Suppose Y ⊂ X are p-multinormed spaces, q : X → X/Y
is a quotient map, µ is a σ-finite measure, and u : minp(L
p′(µ)) → X is
p-multibounded. Then there exists u˜ : minp(L
p′(µ)) → X∗∗ so that ‖u˜‖p =
‖u‖p, and κX/Y u = q
∗∗u˜.
Sketch of a proof. Without loss of generality assume ‖u‖p ≤ 1. Let F be the
family of all finite dimensional sublattices Z ⊂ Lp(µ). It is known that any
such Z is lattice isometric to ℓp
′
N for someN = NZ , and moreover, there exists
a (contractive and positive) conditional expectation PZ from L
p′(µ) onto Z.
By Proposition 4.1, for any Z ∈ F and ε > 0 there exists u˜Zε : Z → X
which lifts u|Z , and satisfies ‖uZε‖p < 1 + ε. Let vZε = κXuZεPZ , and note
that ‖vZε‖ ≤ ‖vZε‖p < 1 + ε.
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Consider F×(0, 1) as a net, with (Z1, ε1) ≺ (Z2, ε2) iff Z1 ⊂ Z2 and ε1 > ε2.
For every Z and ε, vZε ∈ 2B(B(L
p(µ),X∗∗)), and the latter set is compact
in the weak∗ topology (as in the proof of Corollary 3.4, we use the identity
B(Lp(µ),X∗∗) = (Lp
′
(µ)⊗ˆX∗)∗). Consequently, the net F × (0, 1) has a
subnet U so that weak∗ − limU(vZε) = u ∈ B(L
p(µ),X∗∗) exists. To verify
that u has the desired properties, follow the reasoning of Corollary 3.4. 
Corollary 4.5. Suppose Y ⊂ X are p-multinormed spaces, q : X → X/Y is
a quotient map, (µi)i∈I are σ-finite measures, and u : (
∑
iminp(L
p′(µi)))1 →
X/Y is p-multibounded. Then there exists u˜ : (
∑
iminp(L
p′(µi)))1 → X
∗∗
so that ‖u˜‖p = ‖u‖p, and κX/Y u = q
∗∗u˜.
Sketch of a proof. Write u = ⊕ui, where ui is the restriction of u onto its
summand Lp
′
(µi). By Proposition 4.4, κXui has a lifting u˜i : minp(L
p′(µi))→
X∗∗, with ‖u˜i‖p = ‖ui‖p. Now u˜ = ⊕u˜i has the desired properties. 
By Corollary 4.8 below, passing to the second dual is essential here.
Proposition 4.6. Suppose X is a p-multinormed space. Then there exists
a family of integers (ni)i∈I , so that X is a quotient of (
∑
i∈I minp(ℓ
p′
ni))1.
Proof. By Theorem 3.7, there exists a family, and a weak∗ to weak∗ contin-
uous p′-multiisometric embedding X∗ → (
∑
i∈I minp′(ℓ
p
ni))∞. Now pass to
the predual. 
A standard reasoning (cf. [1]) shows:
Proposition 4.7. A p-multinormed space X is 1-projective if and only if,
for every ε > 0, there exists a family of positive integers (ni)i∈I , a subspace
X ′ ⊂ (
∑
iminp(ℓ
p′
ni))1, so that:
(1) There exists a p-multicontraction u : X ′ → X with ‖u−1‖p ≤ 1 + ε.
(2) X ′ is (1 + ε)-complemented in (
∑
iminp(ℓ
p′
ni))1.
A “gliding hump” argument immediately yields:
Corollary 4.8. Any infinite dimensional subspace of a 1-projective p-mul-
tinormed space contains a copy of maxp(ℓ
1). Consequently, for 1 < p < ∞,
the space minp(L
p′(µ)) is 1-projective if and only if it is finite dimensional.
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